In this paper, we prove that infinitesimal equivariant Chern-Connes characters are well-defined. We decompose an equivariant index as a pair of infinitesimal equivariant Chern-Connes characters with the Chern character of an idempotent matrix. We compute the limit of infinitesimal equivariant Chern-Connes characters when the time goes to zero by the Getzler symbol calculus and then extend these theorems to the family case. We also prove that infinitesimal equivariant eta cochains are well-defined.
Introduction
The equivariant index formula has an infinitesimal version, which is called the Kirillov formula. Berline and Vergne [BV] established the Kirillov formula using the equivariant index formula and the localization formula. Bismut introduced the Bismut Laplacian and gave a direct heat kernel proof of the Kirillov formula in [Bi] . On the noncommutative geometry side, Connes [Co] defined the Chern-Connes character of a θ-summable Fredholm module (H, D) over a unital C * -algebra A, which takes value in the entire cyclic cohomology of A. In [JLO] , Jaffe, Lesniewski and Osterwalder introduced an equivalent but convenient version of the Chern-Connes character, which is known as the JLO character. In [GS] , Getzler and Szenes decomposed an index associated to a theta-summable Fredholm module and an idempotent matrix as a pair of the JLO character with the Chern character of the idempotent matrix. The JLO character was computed in [CM] and [BF] by the Getzler symbol calculus in [Ge2] . Chern and Hu [CH] gave an explicit formula of the equivariant Chern-Connes character associated to a G-equivariant θ-summable Fredholm module. In [Ge1] , for odd dimensional manifolds, the spectral flow was written as pairing of the JLO character with the odd Chern character of an idempotent matrix.
In [Wa] , we defined truncated infinitesimal equivariant Chern-Connes characters and computed the limit of truncated infinitesimal equivariant Chern-Connes characters when the time goes to zero. In this paper, we prove that the limit of truncated infinitesimal equivariant Chern-Connes characters which is called infinitesimal equivariant Chern-Connes characters exists when J goes to the infinity and then we decompose an equivariant index as a pair of infinitesimal equivariant Chern-Connes characters with the Chern character of an idempotent matrix. We compute the limit of infinitesimal equivariant Chern-Connes characters when the time goes to zero by the Getzler symbol calculus and then extend these theorems to the family case. We also prove that infinitesimal equivariant eta cochains are well-defined. This paper is organized as follows: In Section 2, we prove that infinitesimal equivariant Chern-Connes characters are well-defined. Then we decompose the equivariant index as a pair of infinitesimal equivariant Chern-Connes characters with the Chern character of an idempotent matrix. In Section 3, We compute the limit of infinitesimal equivariant Chern-Connes characters when the time goes to zero by the Getzler symbol calculus. In Section 4, we prove that infinitesimal equivariant eta cochains are well-defined. In Section 5, we extend results in Section 2, 3 to the family case.
2 The infinitesimal equivariant JLO cocycle and the index pairing
Let M be a compact oriented even dimensional Riemannian manifold without boundary with a fixed spin structure and S be the bundle of spinors on M . Denote by D the associated Dirac operator on H = L 2 (M ; S), the Hilbert space of L 2 -sections of the bundle S. Let c(df ) : S → S denote the Clifford action with f ∈ C ∞ (M ). Suppose that G is a compact connected Lie group acting on M by orientation-preserving isometries preserving the spin structure and g is the Lie algebra of G. Then G commutes with the Dirac operator. For X ∈ g, let X M (p) = d dt | t=0 e −tX p be the Killing field induced by X, Let c(X) denote the Clifford action by X M , and L X denote the Lie derivative. Define g-equivariant modifications of D and D 2 for X ∈ g as follows:
then H X is the equivariant Bismut Laplacian. Let C[g * ] denote the space of formal power series in X ∈ g and ψ t be the rescaling operator on C[g * ] defined by X → X t for t > 0. Let
then the data (A, H, D + 1 4 c(X), G) defines a non selfadjoint perturbation of finitely summable (hence θ-summable) equivariant unbounded Fredholm module (A, H, D, G) in the sense of [KL] (for details, see [CH] and [KL] ). For (A, H, D + 1 4 c(X), G), the infinitesimal equivariant JLO cochain ch 2k (D, X) can be defined by the formula:
where
be the natural projection. Fix basis e 1 , · · · , e n of g and let X = x 1 e 1 + · · · x n e n . A J-degree polynomial on X means a J-degree polynomial on
) is well-defined. Let H be a Hilbert space. For q ≥ 0, denote by ||.|| q the Schatten p-norm on the Schatten ideal L p . Let L(H) denote the Banach algebra of bounded operators on H.
where F X is a first order differential operator with degree ≥ 1 coefficients depending on X.
Lemma 2.2 For any 1 ≥ u > 0, t > 0, we have:
Proof. By the Duhamel principle, it is that
We know that ||(−ut) m △m e −v 0 utD 2 F X e −v 1 utD 2 F X · · · e −v m−1 utD 2 F X e −vmutD 2 dv|| u −1 is continuous and bounded by (2.7) in [Wa] . By the measure of the boundary of △ m being zero, we can estimate (2.4) in the interior of △ m , that is v j > 0. It holds that
where we use that F X is a first order differential operator and the equality
By the Hölder inequality and (2.4), (2.5) and 0 < u ≤ 1 and v 0 + · · · + v m−1 ≤ 1 , we have
(2.7)
It holds that (see page 21 in [BC] )
. (2.8)
2 )!, when m is odd. And Γ(
when m is even. By (2.8) and 9) we know that the series (2.7) is absolutely convergent. When m is odd, then
By (2.7), (2.8), (2.10) and (2.11), we get
By (2.12), we get (2.3). ✷ By (2.2), (2.3) and the Hölder inequality and Vol △ 2k = 1 (2k)! , for t = 1 and σ l ≤ 1, we get
By (2.13), ch 2k (D, X) is well-defined. We recall that an even cochain {Φ 2n } is called entire if n ||Φ 2n ||n!z n is entire, where
) and p = p 2 = p * and p(gx) = p(x). Define the Chern character of p by (see [GS] )
By (2.13), ch * (D, X), ch(p) is convergent. The same to Theorem A in [GS] , we have Proposition 2.3 (1) The infinitesimal equivariant Chern-Connes character is closed:
and V is a bounded operator which commutes with e −X , then there exists a cochain ch
Let D Imp be the Dirac operator twisted by the bundle Imp. By Proposition 2.3 and (B + b)ch(p) = 0 and Proposition 8.11 in [BGV] , taking
Theorem 2.4 The following index formula holds
In Theorem 2.4, we does not need that X is small.
The computations of infinitesimal equivariant ChernConnes characters
In this section, we will compute infinitesimal equivariant Chern-Connes characters by Theorem 2.12 in [Wa] and the Getzler symbol calculus in [Ge2] and [BF] . We recall the Getzler symbol calculus in [Ge2] and [BF] . Let E be a vector bundle over the compact manifold M and π : T * M → M be the natural map and E 0 = π * (Hom(E, E)) be the pull-back of the bundle π * (Hom(E, E)) to a bundle over T * M . Definition 3.1 A section p ∈ E 0 is called a symbol of order l if for every multi-index α and β we have the estimates:
We denote by Σ l (E) the symbols of order l.
be the symbol map and θ is the inverse of σ.
where ω j ∈ Ω j (M ), p j,α ∈ Σ l−j−2|α| (E) and |α|≥0 ||p j,α (x, ξ)|||X α | is convergent. We will denote the collection of s-symbol of order l by SΣ l (E, X).
Let x 0 be a fixed point in M and T x 0 M be the tangent space and exp be the exponential map. Let h be a function that is identically one in a neighborhood of the diagonal of M × M such that the exponential map is a diffeomorphism on the support of h.
(3.4)
We will write
Let θ X be the one-form associated with X M which is defined by θ X (Y ) = g(X, Y ) for the vector field Y . Let ∇ S,X be the Clifford connection ∇ S − 1 4 θ X on the spinors bundle and △ X be the Laplacian on S(T M ) associated with
. Then ρ(X, 0) = 1. Recall ( [BGV Lemma 8.13] ) that the following identity holds 6) where r M is the scalar curvature and Γ k ij is the connection coefficient of
Remark. The operator θ(p) is well-define by |α|≥0 ||p j,α (x, ξ)|||X α | and e |α X (x)| are convergent. The operator θ(p) depends on the choice of the cut off function h, but for computations of infinitesimal equivariant Chern-Connes characters, the result does not depend on the cut off function. We denote by Op(E, X) all such operators with smoothing operators.
Proof. Since α ||P α || 1 |X α | and e |α X (x)| are convergent, this comes from the definition 3.4 and |e
where f k is the dual base of ∂ k .
Proof. By the definition 3.4, We have (3.14) similar to the computations of Example 1 in [BF, p. 10], we get (3.11). We know that
By the appendix II in [ABP] , we have
In the trivialization of S(T M ), the conjugate ρ(X, x)(∇
, and h i (x) = O(|x| 2 ). By (3.15) and (3.16), similar to the computations of Example 2 in [BF, p.10] , we have (3.12). ✷ Proposition 3.7 The following equality holds
The operator t 2 H X is an asymptotic pseudodifferential operator (see Definition 3.5 in [BF] ).
Proof. By Lemma 3.6 and (3.6) and
18)
Theorem 3.9 For P = P α X α ∈ OP (SΣ −∞ (E, X)) and t > 0, then
If P = P t and P t is an asymptotic pseudodifferential operator and σ(P t )(x, ξ) tends to zero when |ξ| tends to infinity , then
20)
where b 0 is a constant.
Proof. By Theorem 3.7 in [Ge2] , we have for any s > 0
Since σ(P t )(x, ξ) tends to zero when |ξ| tends to infinity, using the equality which will be proved in the following lemma 3.11
we have
Taking the sum α , we get (3.19). By Definitions 3.8 and Definition 3.5 in [BF] , for the asymptotic pseudodifferential operator P t , we have
By (3.19) and (3.29), we get (3.20). ✷ Theorem 3.10 When 2k ≤ dimM and X is small which means that ||X M || is sufficient small, then for
Proof. In Theorem 3.9, let P t = t 2k f 0 e −σ 0 t 2 H X c(df 1 ) · · · c(df 2k )e −σ 2k t 2 H X , then by Proposition 3.7, similar to Lemma 3.13 in [BF] , we have P t is an asymptotic pseudodifferential operator. By (3.20) and taking the J-jet, we have lim t→0 ψ By Theorem 2.12 in [Wa] , we have
(3.32) By (3.31) and (3.32) and when J goes to the infinity, we obtain
By (3.20) and (3.33) and when t goes to zero, we get (3.30). ✷ Lemma 3.11 The equality (3.23) holds.
Proof. Here we outline the proof. In the equalities (70) and (71) in [Pf] (Note that these formulas hold for any pseudodifferential operators defined by (3.22) and not only for asymptotic pseudodifferential operators), we let N = 0, then
where r 0 (ξ) is defined by (71) in [Pf] . By (0.2) in [Ge2] , we have the leading symbol of e −t 2 D 2 is e −t 2 |ξ| 2 . As in (2.4), using the Duhamel principle, we expanse the operator P t and the leading symbol of P t is the product of e −t 2 |ξ| 2 and a polynomial on ξ. We fixed t > 0. For T * x 0 M r 0 (ξ)dξ, we can check that conditions on the integral commuting theorem are satisfied.
We have Corollary 3.12 When X is small, then
Proof. Using the same discussions as in [GS] , we have the homotopy property of ch * (D, X) for tD −X . So by (2.17), we have
where (3.38) In (3.37), let e −X = e −t 2 X and use (ψ t ) 2 acting on (3.37), then we get
Since Ind e −X (D Imp,+ ) is independent of t, taking the limit t → 0 in (3.39), by Theorem 3.10 we get
The infinitesimal equivariant eta cochains
In this Section, we prove the limit of truncated infinitesimal equivariant eta cochains exists when J goes to the infinity. By the Duhamel principle and (2.5), we have
where we use the equality
and when m is even, then
Now we let M be a compact oriented odd dimensional Riemannian manifold without boundary with a fixed spin structure and S be the bundle of spinors on M . The fundamental setup consistents with page 2. Define
Similarly we may define ch
are defined by formulas: Proof. Let L 0 be a fixed large number. Then
well-defined by Lemma 2.2 and (4.1). Similar to Lemma 2.2 and (4.1), we know that Lemma 3.5 in [Wa] holds when J goes to the infinity. So
is well-defined and Lemma 4.1 holds. ✷ Similar to Proposition 3.8 in [Wa] , we have Proposition 4.2 Assume that D is invertible with λ the smallest positive eigenvalue of |D| and ||dp|| < λ and X is small, then the pairing η X,ε (D), ch(p) is well-defined.
The infinitesimal equivariant Chern-Connes character for a family of Dirac operators
In this Section, we extend Sections 2, 3 to the family case. Let us recall the definition of the equivariant family Bismut Laplacian. Let M be a n + q dimensional compact connected manifold and B 0 be a q dimensional compact connected manifold. Assume that π : M → B 0 is a fibration and M and B 0 are oriented. Taking the orthogonal bundle of the vertical bundle T Z in T M with respect to any Riemannian metric, determines a smooth horizontal subbundle
Recall that B 0 is Riemannian, so we can lift the Euclidean scalar product g B 0 of T B 0 to T H M . And we assume that T Z is endowed with a scalar product g Z . Thus we can introduce a new scalar product g B 0 ⊕ g Z in T M . Denote by ∇ L the LeviCivita connection on T M with respect to this metric. Let ∇ B 0 denote the Levi-Civita connection on T B 0 and still denote by ∇ B 0 the pullback connection on T H M . Let
, where P Z denotes the projection to T Z. Let ∇ ⊕ = ∇ B 0 ⊕ ∇ Z and ω = ∇ L − ∇ ⊕ and T be the torsion tensor of ∇ ⊕ . Now we assume that the bundle T Z is spin. Let S(T Z) be the associated spinors bundle and ∇ Z can be lifted to give a connection on S(T Z). Let D be the tangent Dirac operator.
Let G be a compact Lie group which acts fiberwise on M . We will consider that G acts as identity on B 0 . We assume that the action of G lifts to S(T Z) and the G-action commutes with D. Let E be the vector bundle π * (∧T * B 0 ) ⊗ S(T Z). This bundle carries a natural action m 0 of the degenerate Clifford module Cl 0 (M ). Define the connection for X ∈ g whose Killing vector field is in T Z,
where e 1 , · · · , e n and f 1 , · · · , f q are orthonormal basis of T Z and T B 0 respectively. Define the equivariant family Bismut Laplacain as follows:
where F + is a first order differential operator along the fibre with coefficients in Ω ≥1 (B 0 ). 
where Str denotes taking the trace along the fibre.
Similar to Section 2, we can prove that (5.7) is well-defined and ch * (B, X), chp is convergent by the following lemma.
Lemma 5.2 For any 1 ≥ u > 0, we have:
where the constant C 0 is independent of u.
Proof. By (5.6) and the Duhamel principle, we have
In (4.1), we use F + , su instead of D −X and u respectively and let t = 1, then we have Let φ t be the rescaling operator on Ω(B 0 ) defined by dy j → dy j √ t for t > 0. By the method in Section 4 in [Wa] , similar to Theorem 2.12 in [Wa] , we get Lemma 5.5 When 2k ≤ n and X is small, then for f j ∈ C ∞ G (M ),
Extending Theorem 3.9 to the family case, by Lemma 5.5, we have Theorem 5.6 When 2k ≤ n and X is small, then for f j ∈ C ∞ G (M ), Proof. We know that B t is a superconnection on the infinite dimensional bundle C ∞ (M, E) → B 0 which we write E → B 0 . Let B 0 = B 0 × R + , and E be the superbundle π * E over B 0 , which is the pull-back to B 0 of E. Define a superconnection B on E by the formula ( Bβ)(x, t) = (B t β(·, t))(x) + dt ∧ ∂β(x, t) ∂t .
(5.19)
The curvature F of B is 
